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MATH 1104 LINEAR ALGEBRA
LECTURE NOTES
(©Ayse and Saban Alaca
Last modified: October 27, 2007

(These Lecture Notes replace neither the Text Book nor the Lectures)

Part 4
e Figenvalues and Eigenvectors.

e Diagonalization.
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EIGENVALUES and EIGENVECTORS
Definition: Let A be an n X n matrix.
A vector 0 # x € R" is called an eigenvector of A if Az = Az for some
scalar A. The scalar A is called an eigenvalue of A.
Example: Let

b= [ o[t [

Are x and y eigenvectors of A?

Solution:
3 0 1 3 1]
a= s V)] = 8] =s]n] =

we[3 =[]

x is an eigenvector of A corresponding to an eigenvalue A = 3, but y is not
an eigenvector of A.

A is an eigenvalue of A

<= Ax = Az for some non-zero vector x.

<= (A — M)z = 0 for some non-zero vector z.
<= det(A — \I) = 0.

det(A — AI) = 0 is called the characteristic equation of A, the scalars A
satisfying this equation are the eigenvalues of A.

When expanded, det(A — AI) is a polynomial in A, it has degree n, and it is
called the characteristic polynomial of A.

Definition: The set of all solutions of (A—AI)z = 0 is called the eigenspace of A
corresponding to A, and it is denoted by FE).

[Ey = Nul(A — A]) |
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Note: Eigenspace contains the zero vector. But an eigenvector is never the zero vector.

An eigenvalue A might be zero:

A =0 is an eigenvalue of A <= A is not invertible.

Example: Let A = [ 1 1 ]

det(A— ) =

|1_A L |:/\2—2/\:0<:>>\:0,2.

1 1—-A

0
0.
-3

4 — )\ 0 0
det(A—X) = | 0 0—X 0 |=(@-X)(=A\)(=3-N.
1 0 —3—=A

Thus, A is not invertible.

4
Example: Let A= | 0
1

o O O

det(A—)\I) = 0<:>)\1:—3,)\2:0,)\3:4.

Remark: The eigenvalues of a triangular matrix are the entries on its main
diagonal.

3 4

10

Find the eigenvalues and the corresponding eigenvectors of A. What are the
eigenspace(s)?

Example: Let A =

Solution:

AN = [3” 4 ]

1 -2
The characteristic polynomial of A is

det(A — M) = A2 — 3\ — 4.
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The characteristic equation of A is
AN —=32—4=0.
The eigenvalues of A:
M3 —4=A—-4HA+1)=0<= )\ =4, \y = —1.

Eigenvectors for \; = 4:

3 4 1 0 [ 1 4
A_M_[l 0]“%0 1]‘_ 1 —4]‘
-1 4]0 ~1 410 4
(A—)J)a:zO(z»l 1 _4‘0]~l 00 Olzmrztll],tel%.

A basis for E_; : {l -1 ]}, dimFE_; = 1.

Theorem: Let A be an n X n matrix.

A1, Ay ooy Ay then {vy, v, ..., v,} is a linearly independent set.

If vy,v9,...,v, are eigenvectors corresponding to distinct eigenvalues
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Example: For A = [ :1)) 3

] we know that:
A1:4:>U1:[111, A2:—1:>U2:[_1‘|.

By the above theorem, {v;, v2} is a linearly independent set.

Example: Let A and B be two n X n matrices such that
B=PAP™!

for an invertible matrix P.

(In this case, we say that A is similar to B.)
Show that A and B have the same eigenvalues.
Solution:

B— A =PAP™' —APP™' = P(A— AI)P.

det(B— M) = det <P(A — )\I)P_1>

= detP-det (A—\)-det P*

1
— P. A— ) -
det P - det ( M) ot P
= det (A— ).
DIAGONALIZATION

Definition: An n x n matrix A is said to be diagonalizable if A is similar to
a diagonal matrix D, i.e, if A = PDP~! for some invertible matrix P and a
diagonal matrix D.

A=PDP ' < P 'AP = D.
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Theorem:

e An n x n matrix A is diagonalizable if and only if A has n linearly
independent eigenvectors.

e An nxn matrix A is diagonalizable if and only if R™ has a basis consisting
of eigenvectors of A.

e An n X n matrix with n distinct eigenvalues is diagonalizable.

Example: For A = [ :1)) 3

] we know that:

A1:4:>U1:[111, A2:—1:>U2:[_1‘|.

For the matrices P and D

4 —1 A0 4 0
P=[u vg]zll 1]’D:léA2]:l0 _1]; A= PDPL.

Instead of verifying the equation A = PDP™!, we can verify AP = PD.

Example: Compute A, where A = [ :1)) 3 ] .

Solution:
A=PDP !« A"=pPD"P~1.

Ao [ ][a 04 1]
— 1 o1]lo][1 1
0 _ —11[4 07°[4 17"
— 1 o1]lo] |11

_o[4 =14 0 1] 11
T o1 1[0 10514

1[4 4 1048576 0 11
51 1 0 1 —1 4
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1] 4194304 -1 11
T 5| 1048576 1 -1 4

| 838861 838860
| 209715 209716 |°

Example: [s A = [ 8 (1) ] diagonalizable?

Solution: Since A is upper triangular, the eigenvalues of A are \; = A2 = 0.

A-NI=A (i=1,2) andAx:()(:)x:tll

en

v = [ (1) ] is an eigenvector for A = 0.

Ais a 2 x 2 matrix but it does not have 2 linearly independent eigenvectors.
Hence, A is not diagonalizable.
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1 -1 0
Example: Let A= 0 —4 2
0 0 -2

Find an invertible matrix P and a diagonal matrix D such that A = PDP~!.
Solution: Since A is a triangular matrix, eigenvalues of A are the entries on
the main diagonal, i.e, Ay = 1, Ay = —4, and \3 = —2.

Eigenvectors corresponding to A; = 1:

[0 -1 0_| [0 -1 0_|

A—)qI:A—I:[O -5 2JN[0 OlJ.

0 0 -3 0 00
X1 1
(A—I)X:0<:>X: To =x1| 0 ,1'16R.
T3 0
1
v = | 0 | is an eigenvector for A\; = 1.
0
Eigenvectors corresponding to Ay = —4:
5 —1 0 1 =-1/5 0
A—Xl=A—(-4H)I=A+4=|0 0 2|~ |0 01
0 0 2 0 0 0
(A4+4D)X =0<= X = | 2y | = Ta =(1/5)zs | 5 | =t| 5
T3 0 0 0
1
ve = | b | is an eigenvector for Ay = —4.
0
Eigenvectors corresponding to A3 = —2:
3 -1 0 1 -1/3 0

A-NI=A—(-I=A+2I=|0 -2 2|~ |0 1 -1
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T3 T3 3 3
1
vg = | 3 | is an eigenvector for A3 = —2.
3

Since A is a 3 X 3 matrix and it has three linearly independent eigenvectors,

il

A is diagonalizable.

Let

1 0 01[1 —1/5 —2/15
0 -4 0|0 1/5 —1/5].
0 ] {0 0 1/3]
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2 0 3
0 -1 0].
1 0 4

a) Find the eigenvalues and corresponding eigenvectors of A.
b) Is A diagonalizable? If yes, write A as A = PDP~!, where D is a diagonal
matrix.

Example: Let A =

Solution:
2—A 0 3
det(A—NI) = 0 —-1-A 0
1 0 4— A
2—A 3
B (_1_A)| 1 4—>\|
— —(1+)\)()\2—6)\+5)
= —(1+M)A=5)A-1)=0<==X=-1, 5, 1.
)\1:—12

o O =
o O O

0

0

0

1’1_ 0
(A+DNr=0<=z= |22 |=22| 1].

€3
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1 1
E5Span{[0]}, abasisforE5is{ 0]},dimE51
1 1

)\3:12

-3
Elspan{[ 0]}, a basis for E; is{
1

A is a 3 x 3 matrix and the eigenvectors of A

il

form a basis for R3.
Thus A is diagonalizable, and A = PDP~!, where

1
0
1

01 -3
P:[’Ul V2 ’Ug}lilo 0],
0 1 1
A 0 0 -1 0 0
D:[éAg 0—|:[ 050—|.
[0 OAgJ [001J
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3 =20
Example: Let A=| -2 3 0 |.
0 05

a) Find the eigenvalues and corresponding eigenvectors of A.
b) Diagonalizable A, if possible.
Solution:

det(A—X)=—-A=52A=1)=0<= A\ =5, Ny =1
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Thus A = PDP~!, where

A 000 ) 0
D=0 XN 0]|=1]0 0 1.
0 0 X 0 01

Even though A is a 3 x 3 matrix and it has only two distinct eigenvalues, its

eigenvectors
—1 0 1
GBS HER|
0 1 0

form a basis for R3.

A 00
Pr=[v; v vs|,D=|0 M 0 |= A=PDP".
0 0 X
A0 00
P=lv vy ], D'=|0 X 0|=A=PDP"
0 0 X\
1 0 3
Example: Let A = 1 —1 2. Is A diagonalizable?
[ -1 1 -2 J
Solution:
1—A 0 3
det(A—X) = | 1 —1-Xx 2
—1 1 —2-=A
—1-=A 2 1 —-1-=A
- (1_A)‘ 1 —2—>\|+3|—1 1 |

= (1-MN)(A2+3)) -3\

= XNA+2)=0<= )\ =0, =2
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A =0
{ 1 0 3—| [1 0 3—|
A—-dAN=A= 1 -1 21 ~170 11
[—1 1 —QJ [0 0 OJ
X1 -3
Ar=0<=x=| 29 | =23| -1 |, 23€ R
T3 1
-3 -3
vy=1| —11|, FEy=Span —1
1 1
)\2:—22
3 0 3 1 01
A— (=T =A+2I=| 11 2|~|0 11
-1 10 0 0O
X1 ——1_
(A+2l)r=0<=zx= |29 | =a3| -1 |, 23 € R.
T3 L 1_
—1 [ —1 7
v=|—1], E_=Span —1 .
1 1

A is a 3 x 3 matrix but it has only two linearly independent eigenvectors:

]

which is not a basis for R3. Hence, A is not diagonalizable.

-3
—1
1
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Example: Let A = . Diagonalize A if possible.

N O O
O O = O
S W oo
_— o O N

Solution:

det(A— ) =

1—-A 0 2
0 3-=2A 0
2 0 1-A

= 4-XNB-N

1-A 2
2 1—A

= 4-=NB-NA\—-2)1-3)
= A=NB=MNA=3)(A+1)=0<\=—1,3,4.

)\1 =—1:

A+1=

N OO N
o O ot O
O = O O
o O O
o O = O
O = O O
o O O

X1 —
A+ )z =0<=2z= S
€3

Tq

_ o O =

, E_y =Span{v;}, dimF_; =1.
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Ay =3
-2 0 0 2 1 00 -1
01 0 0 01 0 0
A=3I=1"6 00 ol~looo0 o
2 0 0 =2 0 00 0
T Ty 0 1
B Cm | o] o 0
(A-3lr=0<=z= oo | = as | =7 1 |
Ty Ty 0 1
0 1
0 0 )
== , FE3 = Span{vg,v3}, dimFs3; = 2.
0 1
A3 =4
-3 0 0 2 1 000
0 0 0 0 0O 010
A—dl = 00 -1 0|7 ]0001
2 0 0 —3 00 00
X1 0
i) 1
(A—4x =0z = = 9 ,T2 € R.
T3 0
Xy 0
o]
vy = lo , By = Span{vs}, dimFE, = 1.
0
A is a4 x 4 matrix and
—1 1 0 0
v = 0 Vg = 0 v 0 v 1
TLoo )T lo 1Pt
1 1 0 0
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a basis for RY. So A is diagonalizable.

{ —1 1 0 0 '|
0 001
P = [’Ul Vo Vs ’U4] = 0010 s
1 100
A0 0 0 -1 0 0 0
D— 0 X 0 0] 03 00
0 0 X O 0 03 0}’
0 0 0 X 000 4

A= PDP™!



